Yoneda representations of flat functors and classifying toposes by Caramello, Olivia
ar
X
iv
:0
80
5.
21
87
v1
  [
ma
th.
CT
]  
15
 M
ay
 20
08
Yoneda representations of at funtors and
lassifying toposes
Olivia Caramello
DPMMS, University of Cambridge,
Wilberfore Road, Cambridge CB3 0WB, UK
O.Caramellodpmms.am.a.uk
Otober 23, 2018
Abstrat
In this paper, we rst introdue a tehnique that we all Yoneda
representation of at funtors, based on ideas from indexed ategory
theory; then we provide appliations of this tehnique to the theory
of lassifying toposes. Speially, we obtain results haraterizing
the models of a theory lassied by a topos of the form Sh(C, J) in
terms of the models of a theory lassied by the topos [Cop,Set].
1 Preliminary fats
In this setion we introdue the terminology and reall the fats from the
theory of indexed ategories that will be useful for our analysis. We refer
the reader to [1℄ (espeially setions B1.2, B2.3 and B3.1) and to [4℄ for the
bakground.
By a topos (dened) over Set we mean an elementary topos E suh that
there exists a (neessarily unique up to isomorphism) geometri morphism
γE : E → Set; we denote by γ
∗
E the inverse image funtor and by ΓE its right
adjoint, that is the global setions funtor. A topos is dened over Set if
and only if it is loally small and has arbitrary set-indexed opowers of 1; in
partiular every loally small oomplete topos (and hene every
Grothendiek topos) is dened over Set.
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Given a ategory C and a topos E dened over Set, we an always
internalize C into E by means of γ∗E ; the resulting internal ategory in E will
be denoted by C.
Every topos E (over Set) gives rise to a E-indexed ategory E obtained by
indexing E over itself; the inverse image funtor γ∗
E
then indues an
indexing of E over Set, whih oinides with the anonial indexing of E
provided that E is oomplete and loally small.
We will generally denote indexed ategories by underlined letters, to
distinguish them from their underlying ategories whih will be denoted by
the orresponding simple letters; so for example the underlying ategory of
an indexed ategory D will be denoted by D; an exeption to this rule will
be the notation for indexed ategories arising as the indexing of a artesian
ategory over itself: in this ase the indexed ategory orresponding to a
artesian ategory S will be simply denoted by S. Also, internal ategories
will be denoted by letters C,D, et. and we will not modify their notation
when they are onsidered as indexed ategories.
For a topos E and an internal ategory C in E , we have a E-indexed
ategory [C, E ], whose underlying ategory is the ategory [C, E ] of
diagrams of shape C in E and morphisms between them. [C, E ] is
equivalent (naturally in E) to the ategory of E-indexed funtors C→ E
and indexed natural transformations between them (by Lemma B2.3.13 in
[1℄) and also, if E is oomplete and loally small, to the ategory [C, E ] (by
Corollary B2.3.14 in [1℄). For this reason, we will restrit our attention to
loally small oomplete toposes; we will oasionally loosely refer to them
simply as toposes.
The equivalene between [C, E ] and [C, E ] restrits to an equivalene
between the full subategories Tors(C, E) of C-torsors in E (as in setion
B3.2 of [1℄) and Flat(C, E) of at funtors C → E (as in hapter VII of [3℄).
Given a funtor F ∈ [C, E ], the internal diagram that orresponds to it via
the natural equivalene [C, E ] ≃ [C, E ] will be alled the internalization of F
and denoted by F i; of ourse, this is dened only up to isomorphism.
The E-indexed ategory [C, E ] is loally small (by Lemma B2.3.15 in [1℄);
from this it follows that there exists a E-indexed hom funtor
HomE[C,E] : [C, E ]
op × [C, E ]→ E whose underlying funtor
HomE[C,E] : [C, E ]
op × [C, E ]→ E assigns to a pair of diagrams F and G in
[C, E ] an objet HomE[C,E](F,G) of E , whih we all the objet of morphisms
from F to G in [C, E ]. Also, there is a Yoneda E-indexed funtor
Y : C→ [Cop, E ], whih plays in this ontext the same role as that of a
Yoneda funtor in ordinary ategory theory.
We denote by E∗ : E → E/E the pullbak funtor along the unique arrow
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E → 1, that is the (logial) inverse image funtor of the loal
homeomorphism E/E → E . Then, from the equivalene [C, E ] ≃ [C, E ] we
dedue the existene of a hom funtor HomE[C,E] : [C, E ]
op × [C, E ]→ E , whih
assigns to eah pair of funtors F and G in [C, E ] an objet HomE[C,E](F,G)
of E suh that for eah E ∈ E the morphisms E → HomE[C,E](F,G) in E are
in natural bijetion with the morphisms in [C, E/E] from E∗ ◦ F to E∗ ◦G,
that is with the natural transformations E∗ ◦ F⇒E∗ ◦G.
We remark that, sine Flat(C, E) is a full subategory of [C, E ], we may use
the objets HomE[C,E](F,G) for F,G ∈ Flat(C, E) as the objets of
morphisms from F to G in Flat(C, E).
Given a S-indexed ategory D and an objet I ∈ S, we have a S/I-indexed
ategory D/I (dened in the obvious way), whih is alled the loalization
of D at I. If D and E are two S-indexed ategories, we denote by [D,E] the
ategory of S-indexed funtors from D to E and indexed natural
transformations between them. The assignment I → [D/I,E/I] is
pseudofuntorial in I ∈ S and makes [D,E] into a S-indexed ategory.
2 Yoneda representations
It is well known that, by Yoneda, for eah F ∈ [Cop,Set] there is a natural
isomorphisms of funtors
F ∼= HomSet[Cop,Set](Y (−), F ),
where HomSet[Cop,Set](Y (−), F ) is the funtor given by the omposite
Cop
Y op×∆F
−→ [Cop,Set]op × [Cop,Set]
HomSet
[Cop,Set]
−→ Set .
Thanks to the remarks in the last setion we are able to generalize this
result to the ase of funtors with values in an arbitary topos. In fat, the
following result holds.
Theorem 2.1. Let C a small ategory and E be a loally small oomplete
topos. Then for every funtor F : Cop → E, there is a natural isomorphism
of funtors
F ∼= HomE[Cop,E](Y (−), F ),
where Y : C → [Cop, E ] is the funtor given by the omposite
C
Y
−→ [Cop,Set]
γ∗
E
◦−
−→ [Cop, E ]
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and HomE[Cop,E](Y (−), F ) is the funtor given by the omposite
Cop
Y
op
×∆F
−→ [Cop, E ]op × [Cop, E ]
HomE
[Cop,E]
−→ E .
Moreover, the isomorphism above is natural in F .
Proof One an observe that the internal Cop-diagram in E given by the
omposite
C
op
Y op×∆F i
−→ [Cop, E ]op × [Cop, E ]
HomE
[Cop,E]
−→ E
is on one hand equal to F i (by an internal version of the Yoneda's lemma)
and on the other hand equal to the internalization of the funtor
HomE[Cop,E](Y (−), F ). The veriations are easy and left to the reader.
Alternatively, one may proeed as follows.
We want to prove that F (c) ∼= HomE[Cop,E](Y (c), F ), naturally in c ∈ C (and
in F ). It sues to observe that we have the following sequene of natural
bijetions:
E −→ HomE[Cop,E](Y (c), F )
E∗ ◦ Y (c) =⇒ E∗ ◦ F
γ∗
E/E ◦ Y (c) =⇒ E
∗ ◦ F
Y (c) =⇒ ΓE/E ◦ E
∗ ◦ F
element of (ΓE/E ◦ E
∗ ◦ F )(c)
E −→ F (c) .

In the ase of at funtors, the theorem speializes to the following result.
Corollary 2.2. Let C be a small ategory and E be a loally small
oomplete topos. Then for every at funtor F : Cop → E , there is a natural
isomorphism of funtors
F ∼= HomEFlat(Cop,E)(Y (−), F ),
where Y : C → Flat(Cop, E) is the funtor given by the omposite
C
Y
−→ Flat(Cop,Set)
γ∗
E
◦−
−→ Flat(Cop, E)
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and HomE
Flat(C,E)(Y (−), F ) is the funtor given by the omposite
Cop
Y
op
×∆F
−→ Flat(Cop, E)op × Flat(Cop, E)
HomE
Flat(Cop,E)
−→ E .
Proof This immediately follows from the theorem and the remarks in the
rst setion. 
From now on we will refer to this result as to the Yoneda representation of
at funtors.
3 Representation problems
In this setion we introdue the notion of representation problem in the
general ontext of loally small indexed ategories. This onept will lead
to a universal haraterization of the Yoneda embeddings, whih will be
employed in the next setion to derive a riterion for a theory to be of
presheaf type.
Denition 3.1. Let S a artesian ategory and D a loally small
S-indexed ategory. A S-indexed funtor F : Dop → S is said to be
S-representable if there exists an objet A ∈ D suh that F is isomorphi in
[Dop, S] to the omposite
D
op
1D×∆A
−→ Dop × D
HomS
D
−→ S .
We denote this omposite by HomS
D
(−, A).
If D is the underlying ategory of a loally small S-indexed ategory D then
we say that a funtor F : Dop → S is S-representable if it is the underlying
funtor of an indexed funtor of the form HomS
D
(−, A).
Denition 3.2. Let S a artesian ategory, D a loally small S-indexed
ategory and K a S-indexed full subategory of [Dop, S]. A loally small
S-indexed ategory F together with S-indexed funtors i : D→ F and
r : K→ F is said to be a solution to the 1-representation problem for K if
HomS
F
(−, r(F )) ◦ iop ∼= F anonially in F ∈ K.
D
op
iop

F // S
F
op
HomS
F
(−,r(F ))
>>
~
~
~
~
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(F, i : D→ F, r : K→ F) is said to be a solution to the representation
problem for K if for eah I ∈ S the triple
(F/I, i/I : D/I → F/I, r/I : K/I → F/I) is a solution to the
1-representation problem for the S/I-indexed ategory K/I.
A solution (F, i : D→ F, r : K→ F) to the representation problem for K is
said to be universal if for any other solution (F′, i′ : D→ F′, r′ : K→ F′) to
the same problem there exixts a unique (up to anonial isomorphism)
S-indexed funtor z : F→ F′ suh that z ◦ r ∼= r′ and z ◦ i ∼= i′ anonially.
Of ourse, if suh a solution exists, it is unique up to anonial isomorphism
by the universal property.
Proposition 3.3. Let S a artesian ategory, D a loally small S-indexed
ategory and K a S-indexed full subategory of [Dop, S]. If Y : D→ [Dop, S]
fators as Y′ : D→ K through the full embedding K →֒ [Dop, S], then the
triple (K,Y′ : D→ K, 1K : K→ K) is the universal solution to the
representation problem for the S-indexed ategory K.
Proof This is an immediate onsequene of the indexed version of the
Yoneda lemma. 
So, if C is an internal ategory in S, the embedding Y : C→ [Cop, S] an be
haraterized not only, as it is well known, as the free S-oompletion of C,
but also as the universal solution to the representation problem for the
S-indexed ategory [Cop, S].
Corollary 3.4. Let C be an internal ategory in a topos E . Then the
fatorization Y′ : C→ Tors(Cop,E) of the Yoneda indexed funtor
Y : C→ [Cop,E] through the full embedding Tors(Cop,E) →֒ [Cop,E] is the
universal solution to the representation problem for the E-indexed ategory
Tors(Cop,E).

4 Classifying toposes
As promised, we give a haraterization of the (geometri) theories of
presheaf type based on the ideas in the last setion.
We observe that, if T is a geometri theory, we an regard it informally as a
ategory T-mod indexed by the (meta)ategory of Grothendiek toposes via
the pseudofuntor T-mod (whih assigns to every topos E the ategory of
T-models in E); in partiular, for eah Grothendiek topos E , by
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restriting this pseudofuntor to the slies of E , we obtain a E-indexed
ategory T-modE , whih is loally small as a E-indexed ategory. Indeed, it
is well known that T is Morita-equivalent (that is, has the same ategory of
models - up to natural equivalene - into every Grothendiek topos E
naturally in E , equivalently has the same lassifying topos) to the theory of
at funtors on a ategory C whih are ontinuous with respet to a
Grothendiek topology J on C, and the ategories of suh funtors are all
full subategories of the orresponding ategories of funtors on C (fr. the
remarks in the rst setion).
We reall that a geometri theory T is said to be of presheaf type if its
lassifying topos is a presheaf topos (equivalently, the topos [C,Set], where
C := (f.p.T-mod(Set)) is the ategory of nitely presentable T-models in
Set). If T is of presheaf type, then it is Morita-equivalent to the theory of
at funtors on the ategory Cop. Via this equivalene, the Yoneda
embedding Y : C → Flat(Cop, E) orresponds to the embedding of
(f.p.T-mod(Set)) into T-mod(E) given by the inverse image funtor γ∗E .
Notie that the image in T-mod(E) of this embedding an be thought as the
subategory of onstant T-models whih are nitely presentable in Set.
As we have remarked, for eah Grothendiek topos E T-modE is loally
small, so it does make sense to ask if γ∗E(−) : f.p.T-mod(Set)→ T-mod(E)
(regarded here as a E-indexed funtor to T-modE) is the universal solution
to the representation problem for the E-indexed ategory
Flat((f.p.T-mod(Set))op,E). If this holds for every E naturally in E then we
may onlude by Corollary 3.4 that T is of presheaf type. More onretely,
we have the following riterion for a theory to be of presheaf type.
Theorem 4.1. Let T a geometri theory. Then T is of presheaf type if and
only if for eah Grothendiek topos E , every at funtor
F : (f.p.T-mod(Set))op → E
an be extended to a E-representable along
γ∗E(−)
op : (f.p.T-mod(Set))op → T-mod(E)op
and onversely every E-representable T-mod(E)op → E arises up to
isomorphism in this way, naturally in F and E .
Proof This is immediate from the disussion above. 
Suppose now you have a geometri theory T lassied by the topos
[Cop,Set] and want to understand what the theory T′ lassied by the
topos Sh(C, J) (where J is a Grothendiek topology on C) looks like, in
terms of T, and without any referene to at funtors. The tehnique of the
Yoneda representation for at funtors provides us with a means for solving
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this problem. Speially, we are able to desribe in terms of the T-models
and of the Grothendiek topology J the T′-models in any Grothendiek
topos E , in other words we are able to identify T′ up to Morita-equivalene
entirely in terms of T and of J .
We denote by Cˇ the Cauhy ompletion of the ategory C. Reall that Cˇ
an alternatively be haraterized as the full subategory of Ind-C
onsisting of the nitely presentable objets and also as the losure of C
under retrats in Ind-C.
It is well known that the funtor ategories [Cop,Set] and [Cˇop,Set] are
naturally equivalent. Sine Sh(C, J) is a subtopos of [Cˇop,Set], it follows
(from the theory of elementary toposes) that there exists a unique
Grothendiek topology Jˇ on Cˇ suh that the toposes Sh(C, J) and Sh(Cˇ, Jˇ)
are naturally equivalent. We desribe it expliitly in the theorem below.
We adopt the following onventions: if S is a sieve in C, we denote by S the
sieve in Cˇ generated by the members of S; if R is a sieve in Cˇ, we denote by
R ∩ arr(C) the sieve in C formed by the elements of R whih are arrows in
C. Moreover, given an arrow g : d→ c in C and sieves S and R on c
respetively in C and Cˇ, we denote by g∗
C
(S) and g∗
Cˇ
(R) the sieves obtained
by pulling bak S and R along g respetively in the ategories C and Cˇ.
Theorem 4.2. Let C be a ategory and Cˇ its Cauhy ompletion. Given a
Grothendiek topology J on C, there exists a unique Grothendiek topology Jˇ
on Cˇ that indues J on C, whih is dened by: for eah sieve R on d ∈ Cˇ,
R ∈ Jˇ(d) if and only if there exists a retrat d
i
→֒ a
r
→ d with a ∈ C and a
sieve S ∈ J(a) suh that R = i∗(S).
Furhermore, if d ∈ C then R ∈ Jˇ(d) if and only if there exists a sieve S in C
on d suh that R = S.
Proof Sine the full embedding C →֒ Cˇ is (trivially) dense with respet to
every Grothendiek topology on Cˇ, it follows from the Comparison Lemma
(Theorem C2.2.3 in [2℄) and the remarks above that there is at most one
Grothendiek topology on Cˇ that indues J on C. Therefore, it will be
enough to prove that the overage Jˇ in the statement of the theorem is a
Grothendiek topology that indues J on C.
This, as well as the seond part of the thesis, an be easily proved by using
the following easy fat (whose proof is left to the reader):
Given an objet c ∈ C, the assignments R→ R ∩ arr(C) and S → S are
inverse to eah other and dene a bijetion between the set of sieves in C on
c and the set of sieves in Cˇ on c. Moreover, these bijetions are natural with
respet to the operations of pullbak of sieves along an arrow in C.
By way of example, we provide the details of the proof that Jˇ satises the
stability axiom for Grothendiek topologies.
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Given R ∈ Jˇ(d) and g : e→ d in Cˇ, we want to prove that g∗(R) ∈ Jˇ(e).
Sine R ∈ Jˇ(d), there exists a retrat d
i
→֒ a
r
→ d with a ∈ C and a sieve
S ∈ J(a) suh that R = i∗(S). There exists a retrat e
j
→֒ b
z
→ e with b ∈ C.
Now, g∗(R) = g∗(i∗(T )) = (i ◦ g)∗(T ) = ((i ◦ g ◦ z) ◦ j)∗(T ) =
j∗((i ◦ g ◦ z)∗(T )) = j∗((i ◦ g ◦ z)∗
Cˇ
(S)) = j∗((i ◦ g ◦ z)∗
C
(S)). Our thesis then
follows at one from the stability axiom for J . 
Theorem 4.3. Let C be a ategory and J a Grothendiek topology on C.
If J is the trivial topology then Jˇ is the trivial topology.
If J is the dense (respetively, the atomi) topology on C, then Jˇ is the
dense (respetively, the atomi) topology on Cˇ.
Proof All an be easily proved by using the retrat tehnique employed
in the proof of the previous theorem. We omit the details. 
Coming bak to our original problem, we have seen that it is natural to
replae the topos Sh(C, J) with Sh(Cˇ, Jˇ). The advantage for us of this
replaement is that the ategory Cˇ, being Cauhy omplete, an be
reovered from Flat(Cˇop,Set) as the full subategory of nitely presentable
objets. Hene, if T is a theory lassied by [Cˇ,Set], then the natural
equivalene Flat(Cˇop,Set) ≃ T-mod(Set) restrits to a natural equivalene
Cˇ ≃ f.p.T-mod(Set), as in the following diagram:
Cˇ
Y

f.p.T-mod(Set)∼
τoo
i

Flat(Cˇop,Set) ∼
// T-mod(Set)
Now we want to rewrite the Yoneda representation
F ∼= HomE[Cˇop,E](Y (−), F ),
of a at funtor F : Cˇ → E (given by Corollary 2.2) in terms of T, regarded
here as a E-indexed ategory. We reall that T-modE is loally small, with
HomE
T-mod(E)(M,N) objet of morphisms in T-modE from M to N
belonging to T-mod(E). The naturality in E of the Morita-equivalene
between T and the theory of at funtors on Cˇop implies the ommutativity
of the following diagram:
Flat(Cˇop,Set)
∼ //
γ∗
E
◦−

T-mod(Set)
γ∗
E
(−)

Flat(Cˇop, E) ∼
// T-mod(E)
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From the ommutativity of the two diagrams above we dedue the following
representation for F ◦ τ :
F ◦ τ ∼= HomET-mod(E)(γ
∗
E(i(−)),MF ),
where MF is the T-model in E orresponding to F ∈ Flat(C
op, E) via the
Morita-equivalene.
This motivates the following denition.
Denition 4.4. Let E be a loally small oomplete topos and T a theory
of presheaf type. Given a Grothendiek otopology J on
C := f.p.T-mod(Set), a model M ∈ T-mod(E) is said to be J-homogeneous
if for eah osieve S ∈ J(c) the family of all the arrows
HomET-mod(E)(γ
∗
E(i(f)),M) : Hom
E
T-mod(E)(γ
∗
E(i(cod(f))),M) −→ Hom
E
T-mod(E)(γ
∗
E(i(c)),M)
for f ∈ S, is epimorphi in E .
Remark 4.5. It is lear (from the denition of atomi topology) that if J
is the atomi otopology on C then a model M ∈ T-mod(E) is
J-homogeneous if and only if for eah arrow f : c→ d in C, the arrow
HomET-mod(E)(γ
∗
E(i(f)),M) : Hom
E
T-mod(E)(γ
∗
E(i(d)),M) −→ Hom
E
T-mod(E)(γ
∗
E(i(c)),M)
is an epimorphism in E .
In this ase we will simply say `homogeneous' instead of `J-homogeneous'.
We observe that MF is J-homogeneous if and only if F ◦ τ is J-ontinuous.
We thus obtain the following theorem.
Theorem 4.6. Let (C, J) be a site and T a theory lassied by the topos
[Cop,Set]. Then the topos Sh(C, J) lassies the T-models whih are
Jˇ-homogeneous; that is, given a geometri theory T′ together with a full and
faithful indexed funtor i : T′-mod →֒ T-mod, then
the T′-models are identied by i with the Jˇ-homogeneous T-models if and
only if
 T
′
is lassied by the topos Sh(C, J) and
 the embedding i is indued via the universal property of the lassifying
toposes by the inlusion Sh(C, J) →֒ [Cop,Set].

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Speializing the theorem to the ase of the atomi topology gives the
following result.
Corollary 4.7. Let (C, J) be an atomi site and T a theory lassied by the
topos [Cop,Set]. Then the topos Sh(C, J) lassies the homogeneous
T-models.
Proof This is immediate from the theorem and Theorem 4.3. 
Now we want to rephrase in more expliit terms what it means for a model
to be J-homogeneous; this will be partiularly important for the
appliations.
To this end, we rst express the ondition that a given family of arrows as
in Denition 4.4 is epimorphi as a logial sentene in the internal language
of the topos, then we use the Kripke-Joyal semantis to spell out what it
means for that sentene to be valid in the topos.
Reall that if E is a oomplete topos and (fi : Ci → C | i ∈ I) is a family
of arrows in it indexed by a set I, then this family is epimorphi if and only
if the logial formula (∀y ∈ C)(∨
i∈I
(∃x ∈ Ci(fix = y))) holds in E . Given a
lass of generators G for E , the validity in E of this sentene is in turn
equivalent, by the Kripke-Joyal semantis, to the following statement:
for eah E ∈ G and y : E → C there exists an epimorphi family
(ri : Ei → E | i ∈ I) and generalized elements (xi : Ei → Ci | i ∈ I) suh
that y ◦ ri = fi ◦ xi for eah i ∈ I. By applying this to the families of arrows
in Denition 4.4 and by realling that the objets HomE
T-mod(E)(γ
∗
E
(i(d)),M)
are the objets of morphisms from γ∗E(i(d)) to M in T-modE , we obtain the
following haraterization.
Theorem 4.8. Let E be a loally small oomplete topos with a lass of
generators G and T be a theory of presheaf type. Given a Grothendiek
otopology J on C := f.p.T-mod(Set), a model M ∈ T-mod(E) is
J-homogeneous if and only if for eah osieve S ∈ J(c), objet E ∈ G and
arrow y : E∗(γ∗E(i(c)))→ E
∗(M) in T-mod(E/E) there exists an epimorphi
family (pf : Ef → E, f ∈ S) and for eah arrow f : c→ d in S an arrow
uf : E
∗
f(γ
∗
E(i(d)))→ E
∗
f(M) in T-mod(E/E) suh that
p∗f (y) = uf ◦ E
∗
f (γ
∗
E(i(f))).

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Notie that if E is the topos Set then by taking as lass of generators of
Set the lass having as its unique element the singleton 1Set we obtain the
following result.
Corollary 4.9. Let T be a theory of presheaf type. Given a Grothendiek
otopology J on C := f.p.T-mod(Set), a model M ∈ T-mod(Set) is
J-homogeneous if and only if for eah osieve S ∈ J(c) and arrow
y : i(c)→M in T-mod(Set) there exists an arrow f : c→ d in S and an
arrow uf : i(d)→M in T-mod(Set) suh that y = uf ◦ i(f).

By speializing the theorem and the orollary to the ase of the atomi
topology one immediately obtains the following results.
Corollary 4.10. Let E be a loally small oomplete topos with a lass of
generators G and T be a theory of presheaf type. If C := f.p.T-mod(Set)op
satises the right Ore ondition then a model M ∈ T-mod(E) is
homogeneous if and only if for eah arrow f : c→ d in Cop, objet E ∈ G
and arrow y : E∗(γ∗E(i(c)))→ E
∗(M) in T-mod(E/E), there exists an objet
Ef ∈ E , an epimorphism pf : Ef ։ E and an arrow
uf : E
∗
f(γ
∗
E(i(d)))→ E
∗
f(M) in T-mod(E/E) suh that
p∗f (y) = uf ◦ E
∗
f (γ
∗
E(i(f))).
Corollary 4.11. Let T be a theory of presheaf type. If
C := f.p.T-mod(Set)op satises the right Ore ondition then a model
M ∈ T-mod(Set) is homogeneous if and only if for eah arrow f : c→ d in
f.p.T-mod(Set) and arrow y : i(c)→M in T-mod(Set) there exists an
arrow uf : i(d)→M in T-mod(Set) suh that y = uf ◦ i(f):
i(c)
i(f)

y
//M
i(d)
uf
>>
|
|
|
|

Remark 4.12. We observe that under the hypotheses of Denition 4.4 for
eah topos E and objet E ∈ E there is an isomorphism
E∗(HomE
T-mod(E)(γ
∗
E(i(c)),M))
∼= Hom
E/E
T-mod(E/E)(γ
∗
E/E(i(c)), E
∗(M)), whih
is natural in c ∈ C. Hene, if M ∈ T-mod(E) is J-homogeneous then
E∗(M) ∈ T-mod(E/E) is also J-homogeneous. This implies that, while
dealing with theories T′ that one wants to prove to satisfy the onditions of
Theorem 4.8, one an restrit to argue with generalized elements dened on
1, by the loalizing priniple. This is illustrated in the following example.
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5 An example
As an appliation of Corollaries 4.7 and 4.10, we prove that the lassifying
topos for the theory of dense linearly ordered objets without endpoints is
given by atomi topos Sh(Ordopfm, J), where Ordfm is the ategory of nite
ordinals and order-preserving injetions between them and J is the atomi
otopology on it.
The theory L′ of dense linearly ordered objets without endpoints is dened
over a one-sorted signature having one relation symbol < apart from
equality, and has the following axioms:
(((x < y) ∧ (y < x)) ⊢x,y ⊥),
(⊤ ⊢x,y ((x = y) ∨ (x < y) ∨ (y < x))),
(⊤ ⊢[ ] (∃x)⊤),
((x < y) ⊢x,y (∃z)((x < z) ∧ (z < y))) and
(x ⊢x (∃y, z)((y < x) ∧ (x < z))) .
The rst two axioms give the theory L of (deidably) linearly ordered
objets; it is well-known that this theory is of presheaf type, hene, being
Ordfm the ategory of nitely presentable L
′
-models in Set, its lassifying
topos is equivalent to the funtor ategory [Ordfm,Set]. Notie also that
the ategory Ord
op
fm satises the right Ore ondition, so we an equip it
with the atomi topology J .
A model M ∈ L-mod(E) is given by a pair (I, R) where I is an objet of E
and R is a relation on I satisfying the diagrammati forms of the rst two
axioms above. We will prove that for eah topos E , a model
M = (I, R) ∈ L-mod(E) is homogeneous if and only if it is a model of L′,
that is if (I, R) is non-empty, dense and without endpoints; this will imply
(by the orollaries) our thesis.
In one diretion, let us prove that if M is homogeneous then (I, R) is dense.
For eah objet E ∈ E , we denote by <E is the order indued by R on
HomE(E, I). By the loalizing priniple (fr. Remark 4.12), it is enough to
prove that if x, y : 1→ I are two generalized elements of I with x <1 y then
there exists an objet E ∈ E , an epimorphism p : E ։ 1 and an arrow
z : E → I suh that x ◦ p <E z <E y ◦ p. Consider the arrow f : 2 → 3 in
Ordfm dened by f(0) = 0 and f(1) = 2; the arrows x and y indue, via
the assignment (0→ x, 1 → y) and the universal property of the oprodut
γ∗E(2), an arrow ψ : γ
∗
E(2)→ I in L-mod(E). From the homogeneity of M
we obtain the existene of an objet E ∈ E , an epimorphism p : E ։ 1 and
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an arrow χ : E∗(γ∗E(3))→ E
∗(I) in L-mod(E/E) suh that
χ ◦ E∗(γ∗E(f)) = E
∗(ψ). Then the omposite arrow
E ∼= E∗(γ∗E(1))
E∗(γ∗
E
(u))
−→ E∗(γ∗E(3))
χ
→ E∗(I)
piI→ I,
where u : 1 → 3 is the arrow in Ordfm whih piks out the element 1 ∈ 3,
gives an arrow z : E → I with the required properties. The veriations
that (I, R) is non-empty and without endpoints are similar and left to the
reader.
Conversely, we prove that if M ∈ L′-mod(E) then M is homogeneous.
Again, by the loalizing priniple, this amounts to proving that given an
arrow f : n→ m in Ordfm and an arrow ψ : γ
∗
E(n)→ I in L-mod(E), there
exists an objet E ∈ E , an epimorphism p : E ։ 1 and an arrow
χ : E∗(γ∗
E
(m))→ E∗(I) in L-mod(E/E) suh that χ ◦ E∗(γ∗
E
(f)) = E∗(ψ).
The arrow ψ an be identied, via the universal property of the oprodut
γ∗E(n), with a family (hi : 1→ I | i ∈ n) of generalized elements of I. To
nd the required arrow χ, we indutively use the fourth or the fth axioms
to obtain, starting from the hi, an objet E ∈ E , an epimorphism p : E ։ 1
and m generalized elements (zj : E → I | j ∈ m) suh that for eah i ∈ n
zf(i) = hi ◦ p and for eah j, j
′ ∈ m ((j < j′)⇒ (zj <E zj′)). The family
(zj : E → I | j ∈ m) then gives rise to an arrow χ : E
∗(γ∗E(m))→ E
∗(I) in
L-mod(E/E) with the required property. 
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